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Abstract
This paper deals with bootstrapping tests for detecting conditional heteroskedas-
ticity in the context of standard and nonstandard ARCH models. We developped
parametric and nonparametric bootstrap tests based on the LM statistic, and on a
neural statistic. The neural tests are based on the ability to approximate an arbi-
trary nonlinear form of the conditional variance by a neural function. Although the
test of the literature are asymptotically valid, they are not exact in ﬁnite samples,
and suﬀer from a substantial size distortion. In practice, the problem is that the
ﬁnite sample error remains non-negligible, even for several hundred observations,
and has to be accounted for. In this paper, we propose to solve this problem using
bootstrap methods, based on simulation techniques, making it possible to obtain a
better ﬁnite-sample estimate of the test statistic distribution than the asymptotic
distribution. Graphical presentation based on a size correction principle is used to
show the true power of the tests, rather than a spurious nominal power, as it is
usually done in the literature.
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11 Introduction
This paper deals with bootstrapping tests for detecting conditional heteroskedasticity
in the context of standard and nonstandard ARCH models. LM statistic as well as
test statistics based on artiﬁcial neural networks are bootstrapped using parametric and
nonparametric methods.
Autoregressive conditional heteroskedasticity models (denoted ARCH models) were
introduced in Engle [1982] as a way to specify explicitly the second conditional moment
by capturing empirical stylised facts. These models are principaly used for modelling
the return in excess of risk free rate coming from the possession of an risky asset. For
detecting conditional heteroskedasticity in ARCH framework, the most famous test is the
Lagrange Multiplier test (LM test) developped in Engle [1982]. P´ eguin-Feissolle [2000]
also proposed tests based on the techniques of modelisation with artiﬁcial neural networks
(ANN) developed in cognitive science. These tests are based on the ability to approximate
an arbitrary nonlinear form of the conditional variance by a neural function, and thus,
the exact speciﬁcation of the conditional variance is not required.
Although Engle [1982] test and P´ eguin-Feissolle [2000] test are asymptotically valid,
they are not exact in ﬁnite samples, and suﬀer from a substantial size distortion. In
practice, the problem is that the ﬁnite sample error remains non-negligible, even for
several hundred observations, and has to be accounted for. In this paper, we propose to
solve this problem using bootstrap methods, based on simulation techniques, making it
possible to obtain a better ﬁnite-sample estimate of the test statistic distribution than the
asymptotic distribution. We developped parametric and nonparametric bootstrap tests
based on the LM statistic, and on the neural statistic, using theoretical developments of
Davidson and MacKinnon [1998b].
In the literature, the studies on bootstrap tests show that they are generally much
more reliable than the corresponding asymptotical tests. however, the size distortion 1
of a bootstrap test can greatly vary depending on the case under consideration, and it
is therefore necessary to examine the performance of this test in details. Consequently,
Monte Carlo experiments are carried out to assess the size and the power of our bootstrap
tests. In addition, to check the robustness of bootstrap neural tests, their power are
studied for non-standard conditional heteroskedasticity models, chosen to illustrate a
large variety of situations. The graphical presentation of Davidson and MacKinnon [1993,
1998a] (based on a size correction principle) is used to show the true power of the tests,
rather than a spurious nominal power, as it is usually done in the literature.
Section 2 presents the ARCH models as well as the tests for conditional heteroskedas-
ticity of the literature. In Section 3, the development of parametric and nonparametric
bootstrap tests are presented,and their consistency is discussed. The results of Monte
Carlo experiments are presented in Section 4. Section 5 concludes.
2 Testing for conditional heteroskedasticity
In this section, we ﬁrst recall the presentation of ARCH models and then two famous
tests of the literature for conditional heteroskedasticity.
1The words “size distortion” or “level distortion” are used in the sense of the diﬀerence between the
signiﬁcance level of the test and its true probability of reject. It is the “error of reject probability” of
the test.
22.1 Presentation of ARCH models
In the context of the possession of an risky asset, the return in excess of risk free rate
is considered to follow a stationary stochastic process denoted (yt). An ARCH model is
speciﬁed, in the case of univariate and linear models of regression, as follows:
yt = Wt» + "t; (1)
where:
² Wt is a 1£k vector of (exogenous or not) explicative variables including the constant,
² » is a vector of k unknown parameters, assumed to respect the stationarity condi-
tions of yt,
² "tjΨt¡1 » N(0;ht) is the error term which should be unforeseeable in an eﬃcient
markets,
² Ψt¡1 is a set including past information until time t ¡ 1 (inclusive),
² ht is the variance of an ARCH(q) process:
ht = ®0 + ®1"
2
t¡1 + ¢¢¢ + ®q"
2
t¡q; (2)
² (®0;:::;®q) is a vector of q + 1 unknown parameters, assumed to respect the sta-
tionary condition of "t.
The presence of the Wt matrix is justiﬁed as follows: Wt allows the time-varying return
to be a function of any variables, such that the prices of any underlying assets, indexes,
the past of yt or other relevant variables. This can be consistent with eﬃcient markets
(see Fama and Frensh [1993]). In addition, including variables in conditional mean can
also be useful for non-ﬁnancial variables with conditional heteroskedasticity and with
predictable mean, as in geological or health ﬁelds.
2.2 Test against ARCH alternative
The null hypothesis of homoskedasticity is given as follows:
H01 : ®1 = ¢¢¢ = ®q = 0: (3)
To test this hypothesis against ARCH(q) alternative, Engle [1982] proposed the LM











2Engle also gave the statistic of the form TR2 which is asymptotically equivalent to the form LM of
the statistic, where T is the sample size and R2 is the squared multiple correlation of the regression of
the squared residuals ˆ "2
t of (1) obtained by ordinary least squares on the constant and on fˆ "2
t¡igi=1;:::;q.
However, in ﬁnite sample, which is of particular interest for bootstrap, the LM statistic is preferred to
be selected.
3² "¤ = (
ˆ "2
1
ˆ ¾2 ¡ 1;:::;
ˆ "2
T
ˆ ¾2 ¡ 1)T is a T £ 1 vector,
² ˆ "t is the residuals of the model (2) under the null,





² ZT = (zT
1 ;:::;zT
T) is a T £ (q + 1) matrix of elements zT
t = (1; ˆ "2
t¡1;:::; ˆ "2
t¡q).
The statistic A-LM is asymptotically distributed as a Â2
q under H01.
2.3 Tests against neural alternative
P´ eguin-Feissolle [2000] test is presented here. This test has the advantage of not requiring
the exact functional form of the conditional variance under the alternative hypothesis
because it will be approximated by a neural function. In this context, the same regression
model as previously, deﬁned by equation 1, is considered. However, the conditional
variance is now deﬁned as a neural function.
The architecture of the network is simple with a single hidden layer. The lags of
the error terms as input units of the network, send signals ampliﬁed or attenuated by
weighting factors °j;i to p hidden units (or hidden nodes) that sum up the signals and
generate a linear squashing function g assumed here to be a logistic function.
Therefore, the conditional heteroskedastic variance h¤












1 + exp[¡(°j;0 + °j;1"t¡1 + ::: + °j;q"t¡q)]
; (5)
where:
² wt = (1;"t¡1;:::;"t¡q) is a vector of inputs,
² °j = (°j;0;°j;1;:::;°j;q)T is a vector of unknown parameters, j = 1;:::;p.
Neural functions are able to approximate an arbitrary function quite well (under certain
conditions of regularity) with p suﬃciently large and a suitable choice of the vectors ¯
and (°j)j=1;:::;p.
The null hypothesis of homoskedasticity can be written as follows:
H02 : ¯1 = ¢¢¢ = ¯p = 0;
for a particular choice of the vectors (°j)j=1;:::;p and of the number of hidden units p.
Following Lee et al. [1993], the values of the parameters °j;i must be chosen a priori,
independently of past squared error terms, for a given integer p; this makes it possible to
solve the problem of the parameters which are not identiﬁed under the null hypothesis.




¤± + ´; (6)
where:
4² "¤ = (
ˆ "2
1
ˆ ¾2 ¡ 1;:::;
ˆ "2
T
ˆ ¾2 ¡ 1)T is a T £ 1 vector,
² W ¤ = (C;X¤) is a T £ (p + 1) matrix,
² C is the T £ 1 vector such as: C = (1;:::;1)T,









² ´ = (´1;:::;´T)T is a T £ 1 error vector of errors.







where ˆ "¤ = W ¤ˆ ±.
Another neural test deals with a variant of Kamstra [1993] test, for which past squared
error terms are input units of the network. The conditional variance is written as follows:
h
¤




1 + exp[¡(°j;0 + °j;1"2
t¡1 + ::: + °j;n"2
t¡n)]
:
As regards Kamstra variant, the statistic is used of the LM form rather than the TR2
form (as in Kamstra [1993]), since the LM form is systematically more powerful in small
samples. The null hypothesis is still H02. The test statistic is obtained, in the same way
as previously, by equation 7 with squared residuals as input units of the network, rather
than without squared. This statistic is denoted NNK-LM.
3 Bootstrap tests
The method consisting in using the LM test for detecting the ARCH eﬀect, approximated
or not by an ANN, is asymptotically valid. However, these tests are not exact in ﬁnite
samples, and suﬀer from a substantial size distortion. In practice, the problem is that
this approximation error is not negligible up to several hundred observations, and has to
be accounted for. In this paper, we propose to solve this problem using “bootstrap” tech-
niques for obtaining a better estimation of the statistic distribution than the asymptotic
distribution.
3.1 The model
Our attention is restricted to models of the following form:
yt = »0 + Xt»
(1) + Yt»
(2) + "t t = 1;:::;T; (8)
with:
² »0 is a scalar parameter corresponding to the constant,
² XT
t is a 1 £ k1 vector of exogenous regressors that may be treated as ﬁxed,
² »(1) is a k1 £ 1 vectors of parameters,
5² Y T
t is a 1 £ k2 vector of lagged values of the dependent variable yt,
² »(2) is a k2 £1 vectors of parameters, assumed to take on value so that stationarity
of yt is ensured,
² "tjΨt¡1 » I.I.N(0;ht) 3,
² Ψt¡1 is a set including past information until time t ¡ 1 (inclusive),
² ht is the conditional variance speciﬁed as an ARCH model (see equation 2) or a
neural model (see equation 5), assumed to take on value so that stationarity of yt
is ensured.
3.2 Bootstrap procedure
The bootstrap tests procedure is described by the following steps:
1. Estimate the model 8, with or without ANN by OLS under the null hypothesis in
order to obtain the estimations of »0;»(1);»(2) and ".
2. Compute the ARCH test statistics denoted ¿ (as the A-LM or the NN-LM statis-
tics), on the sample of observations.
3. Draw B sets of bootstrap error terms "b. There are numerous ways in which the
error terms can be drawn (see below, after this procedure).
4. Use bootstrap sets of error terms to generate B bootstrap samples yb. The elements
of yb are generated recursively from the equation:
y
b







where the elements of Y b
t are equal to the observed values of yt if they correspond
to values of yt prior to period 1, and equal to the appropriate lagged values of yb
t
otherwise.
5. For each bootstrap sample, the statistic ¿ is computed using yb and Y b instead
of y and Y , this statistic value is denoted ¿b, where b is the bootstrap replication
number.
6. Lastly, the estimated bootstrap P values are computes as







where I denotes an indicator function (equal to one if the argument is true, and
zero if it is false).
3The normality hypothesis is essential for some of our results (such as the parametric bootstrap) but
not for most of them (the nonparametric bootstrap approximates quite well any distribution).
63.3 Generating bootstrap error terms
Four ways of generating bootstrap error terms ("b
t) are considered (see Davidson [1998]).
The ﬁrst way deals with the parametric bootstrap. The other ways deal with nonpara-
metric bootstrap.
² In the ﬁrst way, denoted b0, bootstrap error terms are independently drawn from
the N(0;S2) distribution, where S2 is the OLS estimate of ¯0 obtained from the
regression run in step 1.
² As regards the simplest nonparametric method, denoted b1, bootstrap error terms
are obtained by independent draws from the uniform distribution among the resid-
ual vector ˆ " obtained from the regression 8 under the null hypothesis 4).
² In the second nonparametric method, denoted b2, bootstrap error terms are ob-




where the degree of freedom of the distribution is corrected.
² In the last method, (see Weber [1984]), denoted b3, bootstrap error terms are gen-
erated by independent draws from the uniform distribution among the vector with
typical element ˜ "t constructed as follows:
– Calculate ˆ "t p
1¡(P[XY ])t;t for each t, where (P[XY ])t;t is the diagonal elements of
the projection matrix on [XY ].
– Recentre the resulting vector.
– Rescale it so that it has variance S2.
3.4 Consistency of bootstrap methods
The theoretical results suggest that all bootstrap tests should perform well when the
statistic is asymptotically pivotal. As regards the LM statistics, they are asymptotically
pivotal since they are asymptotically distributed as Â2
q for the ARCH speciﬁcation, respec-
tively Â2
p for the neural speciﬁcation, under the corresponding null hypothesis. However,
even if bootstrap tests have a better asymptotic convergence rate than the correspond-
ing asymptotic methods, the studentisation of the statistic can make a statistic farther
from pivotal than the original one in ﬁnite sample. This problem can be serious, causing
large distortions in the statistic distributions (see among other Li and Maddala [1996],
Davidson [2000], and Siani and Moatti [2003]). Consequently, we have to check by Monte
Carlo experiments that bootstrap methods remain stable in ﬁnite sample.
4 Monte Carlo experiments
In this section, Monte Carlo simulations are carried out to assess the performance of the
various bootstrap tests we proposed for detecting conditional heteroskedasticity. Their
performance are compared to that of Engle [1982] test and to Caulet and P´ eguin-Feissolle
[2000] test.
4For b1 and b2, we assume that there is a constant among the regressors. If there were not, the
residuals would have to be recentred and the consequent loss of one degree of freedom would have to be
corrected for.
7In addition, for determining whether bootstrap neural tests are robust to non-standard
conditional heteroskedastic, their performance are also examined for a large variety of
conditional heteroskedastic models (see Caulet and P´ eguin-Feissolle [2000] for some of
them).
The various tests studied are summarised in Table 1:
Table 1: Set of the various statistical tests
Speciﬁcation ARCH Neural Kamstra
Asymptotic A-LMas NN-LMas NNK-LMas
(Engle) (P´ eguin-Feissolle) (Kamstra)
parametric bootstrap A-LMb0 NN-LMb0 NNK-LMb0
non parametric A-LMb1 NN-LMb1 NNK-LMb1
bootstraps A-LMb2 NN-LMb2 NNK-LMb2
A-LMb3 NN-LMb3 NNK-LMb3
4.1 Design of the simulations
The experiments deals with tests for ARCH(3) error terms (i.e. q = 3 plus the constant).
Simulations are carried out for sample sizes up to T = 200, for which there is no diﬀerence
between the tests.
More precisely, the context is a model with a constant term, four exogenous variables
generated from independent AR(1) processes 5 with parameters (½j)j=1;:::;4, and a single
lagged dependent variable (so the vector »(2) amounts to the scalar »2). The error terms
("t) are generated recursively by using "t = ºt
p
ht where the (ºt) are i.i.d.N(0,1). In other
words, the model can be written in the following way:
yt = »0 + »
(1)
1 x1;t + »
(1)
2 x2;t + »
(1)
3 x3;t + »
(1)
4 x4;t + »2yt¡1 + "t; (9)
with:
"tjΨt¡1 » independent N(0;ht)







xj;t = ½jxj;t¡1 + ut (10)
ut » i.i.d. N(0;1)
Following Lee et al. [1993] in performing neural network tests, the hidden unit weights
°j;i are randomly generated from uniform distribution over [¡2;2] and the variables yt
and [Xt yt¡1] are rescaled onto [0;1]. The number of hidden units is chosen equal to 10
and the three largest principal components are selected, i.e. p = 3 plus the constant,
to compute the neural test statistics in order to avoid problems of correlation between
artiﬁcial regressors.
We focus on the coeﬃcients »2 and (½j)j, particularly on »2 at the ﬁrst time, setting
»0;»(1) and ®0 to unity in the model (9)–(10). ®0 is a simple scale parameter and does
5The experiments are also carried out with a constant in the generating process of the xj;t, which
does not change the qualitative results.
8not inﬂuence the results. Indeed, if there were no lagged dependent variable, source
of the most part of the distortion, none of the other parameters »0;»(1);(½)j; and ®0
would matter, since, in this case, the distributions of the LM statistics are quite well
approximated by Â2 the in general. We also study the role of the values (½j)j=1;:::;4,
because the attendance of »2 creates an important link between the distortion and the
value of these parameters. It is evident that the characteristics of the matrix [1X] (of
which (½j)) have a very substantial eﬀect on the ﬁnite-sample performance of the test.
Experimental errors are reduced by using the same set of random numbers in all Monte
Carlo experiments, as well as for bootstrap tests. The artiﬁcial samples are constructed
by using the marginal distribution of the variables in which temporal index is lower than
1 (for example y0;x0) in the simplest cases, or by generating more observations than
necessary and by truncating the sample for obtaining the good size. Which leads the
process to be in its stationary state from t = 1 and to reﬂect the chosen speciﬁcation.
4.2 The size distortion when using asymptotic tests
Figure 1: Neural tests size
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9In this subsection, the size distortion when asymptotic distribution for the test statis-
tics is used, is compared to the size distortion when bootstrap distributions are used.
Simulation methods are used to show the graph of the true probability of rejecting the
null hypothesis whereas the null hypothesis is true (size of the test), against the signiﬁ-
cance level of the test. For that purpose, the size of the tests are obtained by plotting the
empirical distribution functions (EDF) of P values of the various neural tests (asymptotic
and bootstrap ones). It should be noted that if a test is exact, i.e. the P value is based
on the true distribution of the test statistic, then the plot of the corresponding EDF is
represented by the 45o line. Consequently, the deviation of the P value EDF plots from
the 45o line will be interpreted as an error in the test size.
Figure 1 presents these test sizes in the case of the autoregressive parameters f½jg4
j=1
and »2 of the model 9 equal to ¡0;5, for T = 100. 500 Monte Carlo replications are
made, and 999 bootstrap replications are used for the bootstrap tests.
A substantial distortion between the asymptotic tests size and the 45o line can be
observed for all the underlying test statistics, particularly when the signiﬁcant levels are
lower than 10%, that are the levels usually chosen in practice. Conversely, there is size
almost no size distortion with the bootstrap tests: the curves corresponding to the four
bootstrap test are almost confused with the 45o line in Figure 1.
The same graphs have been performed for T = 25;50 and 200. The same results than
previously are obtained. Even for T = 200, which is not small, an important loss of size
equal to around 0:015 remains, when asymptotic tests are used, for a signiﬁcant level of
0:05. Consequently, the use of bootstrap techniques is widely justiﬁed in our case, even
when the samples sizes are not small.
4.3 Preliminary study under the null
All of the cases of the parameter values cannot be studied by Monte Carlo experiments.
Consequently, the P value functions (PVF) are explored in order to select four interesting
cases to study.
The PVF is the true rejection probability of the null hypothesis, i.e. the true size of
the test, for a signiﬁcance level that is chosen to be equal to 0:05 here. The graphs of
these functions can clearly underline the areas in the parameters space where bootstrap
should behave more or less well according to their slopes and their curvatures. If the
curve is steep with respect to a parameter in the neighbourhood of a point, this means
that the statistic distribution depends on this parameter in this neighbourhood, thus, the
statistic is not (locally) pivotal by deﬁnition. The only error in bootstrap P value (or
critical values) calculation is due to the error in the parameter estimation under the null:
since the statistic distribution is not exactly pivotal, an error in the parameter values
leads to an error in the calculation of the distribution, and then, in the ﬁnal P value (see
Davidson [1998]). The steeper a curve is, the farther from a pivotal the statistic is, and
more poor the bootstrap should be.
As regards our preliminary experiment, we are interested in the variation of the 0:05
signiﬁcance level PVF according to »2, for diﬀerent choices of (½j)j. A parsimonious set
of values for »2, with more accuracy to the extremities, is considered:
f¡0:9875;¡0:975;¡0:95;¡0:9;¡0:8;¡0:6;¡0:4;¡0:2;
0;0:2;0:4;0:6;0:8;0:9;0:95;0:975;0:9875g;
and the various choices of (½j)j are presented in Table 2.
10Figure 2: P value functions of the asymptotic tests
under the null for a conﬁdence level of 0.05
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11Table 2: Values of Parameters ½j for the preliminary study
Case Parameter Values
Case 1 ½j = 0:9 8j 2 f1;:::;4g
Case 2 ½j = 0:5 8j 2 f1;:::;4g
Case 3 ½j = 0 8j 2 f1;:::;4g
Case 4 ½j = ¡0:5 8j 2 f1;:::;4g
Case 5 ½j = ¡0:9 8j 2 f1;:::;4g
Case 6 ½1 = ¡0:9 ½2 = ¡0:5
(mixed) ½3 = 0:5 ½4 = 0:9
Figure 2 presents the PVFs, constructed using the asymptotic neural test, with respect
to »2, for T = 100 and by carrying out S = 10;000 Monte Carlo replications for each
value of »2. Each PVF corresponds to a particular choice for (½j)j. It should be noted
that if a test of 0:05 level performs correctly, the corresponding PVF should be close to
the 0:05 horizontal line.
We observe a substantial underrejection which is lower than 0:025 in all the cases
under consideration, i.e. twice lower than the signiﬁcance level 0:05! Therefore, the
asymptotic approximation performs poorly in all the cases, which conﬁrms the results of
the ﬁrst study and greatly justiﬁes the use of bootstrap techniques.
The graphics in Figure 2 are used to decide which cases of the parameter values, »2
and f½jgj, to investigate in depth 6, and the selected cases are presented in Table 3.
Table 3: Chosen parameter values for Monte Carlo simulations
Case parameter values Error terms
1 ½j = ¡0:5 8j and »2 = ¡0:5 » N(0;1)
2 ½j = 0:9 8j and »2 = ¡0:95 » N(0;1)
3 ½j = ¡0:9 8j and »2 = 0:85 » N(0;1)
4 ½j = ¡0:5 8j and »2 = ¡0:5 » t(5)
Case 1 is chosen as a reference case, for which bootstrap tests might not encounter
problems, because the curvature of the graphs is ﬂat according to ½j and »2. It means
that the statistic is locally pivotal for these parameters values, and the size distortion
will be small. Cases 2 and 3 are deliberately chosen to be those for which bootstrap tests
might encounter problems because the PVFs display considerable curvature. Finally, case
4 was chosen with the same parameters as in case 1, but with error terms conditionally
distributed as t(5) distribution, instead of N(0;1).
4.4 Results under the null
In this subsection, the results relative to the size of the various tests are presented in the
case where the data are generated from homoskedastic models. More precisely, the graphs
6It is also possible to plot the same PVFs against ½j for diﬀerent values of »2.
12Figure 3: Size of the neural tests for a conﬁdence level of 0.05
Case 1 of the parameters (nonproblematic case)
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13Figure 4: Size of the neural tests for a conﬁdence level of 0.05
Case 2 of the parameters (problematic case)











Tests based on the linear speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .












. . . . . . . . .



























Tests based on the Kamstra speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .








. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



























Tests based on the neural speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . .

































. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Asymptotic test
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Parametric bootstrap test (b0)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Nonarametric bootstrap test b1
. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . Nonarametric bootstrap test b2
. . . . . . . Nonarametric bootstrap test b3
14Figure 5: Size of the neural tests for a conﬁdence level of 0.05
Case 3 of the parameters (problematic case)











Tests based on the linear speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .































. . . .
.
.











Tests based on the Kamstra speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .


























. . . .
.
.











Tests based on the neural speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .































. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Asymptotic test
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Parametric bootstrap test (b0)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Nonarametric bootstrap test b1
. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . Nonarametric bootstrap test b2
. . . . . . . Nonarametric bootstrap test b3
15Figure 6: Size of the neural tests for a conﬁdence level of 0.05
Case 4 of the parameters (student case)
















Tests based on the linear speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .




















































































Tests based on the Kamstra speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .










































. . . . . .
.




































Tests based on the neural speciﬁcation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .









. . . .
.
.










































































. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Asymptotic test
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Parametric bootstrap test (b0)
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. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . . . .. . . Nonarametric bootstrap test b2
. . . . . . . Nonarametric bootstrap test b3
17show the proportion of Monte Carlo replications with P values less than 0:05 (being an
estimate of the test size) for each test of Table 1, as a function of T. The simulations
are carried out for all the cases of the parameters given in Table 3 and for sample sizes
between 10 and 200. For each experiment, the number of Monte Carlo replications S is
equal to 1000, making standard error of the tests size estimates equal 0:0069 for 0:05 size,
the maximum standard error being 0:016 (if size is equal to 0.5). Using large value for
B is necessary to avoid a power loss, and so, the number of bootstrap replications B is
taken equal to 999 7. The results are presented in Figures 3–6.
The results obtained by the Kamstra [1993] variants test are quite identical with those
of the Engle test. Moreover, the curves obtained have a similar look to those obtained
with the neural tests. As expected, performance of asymptotic tests is very poor. We
observe that all the bootstrap tests, with or without neural networks, perform well in
all the cases under consideration, even for cases 2 and 3, which were likely to encounter
problems. Obviously, parametric bootstrap tests (as well as asymptotic tests) do not
perform satisfactorily in the case where the error terms are nonnormally distributed, for
which an important overrejection is observed.
4.5 Results under the alternatives
For comparing the power of the various tests, the results are presented using the graph-
ical presentation of Davidson and MacKinnon [1993, 1998a] which yields graphs easily
interpretable. These curves represent the plot of power of the tests against a corrected
size that corresponds to the true probability of rejection of the null hypothesis when the
null is true (i.e. the signiﬁcance level). We will call this power the true power.
The basis of these graphs is the EDF ˆ F(x) of the P values associated with the simu-
lated realizations of a test statistic. The X-axis represents ˆ F, which are the EDF when
the data are generated under the null hypothesis, and the Y-axis represents F ?, which are
the EDF when the data are generated under the alternative. The size-power curves are
therefore generated on a correct size-adjusted basis. According to theoretical results, the
power of a bootstrap test would be very similar to that of the corresponding asymptotic
test, on the basis of this size correction. If we consider that the size distortions are well
corrected by bootstrap, we check here that the method does not involve any power loss
or any instability.
However, there is no unique way to measure the power with respect to the adjusted size
in a Monte Carlo experiment: there is an inﬁnite number of Data Generating Processes
(DGPs) that satisfy the null hypothesis. Since the test statistics are not pivotal, the
choice of the DGP used to correct the size can matter greatly. Davidson and MacKinnon
[1996] argues that a reasonable choice is the pseudo-true null, which is the DGP that
satisﬁes the null hypothesis and is as close as possible, in the sense of the Kullback-
Leibler Information Criterion, to the DGP used to generate ˆ F1; see also Horowitz [1994,
7We propose a number of bootstrap replications such that (B + 1)0:05 is an integer. The reason
comes from the computation of critical values for a test of signiﬁcance level of 0:05. Taking B such
that (B + 1)0:05 is an integer permits to have the 0:05 and the 0:95-quantiles in the set of bootstrap
replications of the statistic. In the case of P values, it is important only for taking decision for signiﬁcance
level 0:05, see Davidson and MacKinnon [2000]. What is really important in our case, for computing
the P value, is the number of bootstrap replications that must be taken as large as possible to take into
account the excess of kurtosis in one or both of the tails of the distribution of the statistic, see Davidson
and MacKinnon [2000] and Andrews and Buchinsky [1997].
181995]. The pseudo-true null is used in our experiments. For calculating it, we compute
the average of estimates of the series under the null of homoskedasticity.
The simulations are done with 1000 replications under the alternative, 2000 replica-
tions under the null (for correcting the power), B = 999 and T 2 f25;50;100;200g. The
maximum standard error for the power estimations is equal to 0:016. The computation
of the rejection probability is the same as under the null hypothesis, except that now, the
data are generated under the alternative hypothesis and that the size test is corrected.
The alternative hypothesis is represented by various conditional heteroskedastic models
chosen to illustrate a variety of situations, see Table 4. The parameter ¯ ® in Table 4 can
be used to reﬂect the distance from an alternative to the null hypothesis. We take ¯ ® in
the set f0:1;0:2;0:3;0:4;0:5;0:6;0:7;0:8;0:9g. The parameters of the conditional mean
regression are chosen following the four cases determined by the preliminary study (see
Table 3).
Figures 7–7 present the estimates of corrected size-power curves for the asymptotic
and bootstrapped neural tests, as well as for the asymptotic and bootstrapped Engle
tests. Since the results for the bootstrap tests are satisfactorily for all the cases of the
regression parameters, we restrict the presentation of the results to the case 2 of the
regression parameters (Table 3) that would be problematic for bootstrap techniques. We
take ± = 1, ¯ ® = 0:5 (medium heteskedasticity), and T = 200.
Figure 7 presents the curves for the Gaussian ARCH(3) alternative, that will be used
as a reference case for comparison. It can be observed that the neural tests are less
powerful than the tests for the linear speciﬁcation. This feature was expected since the
neural tests are more robust that the other ones. The neural tests based on Kamstra
speciﬁcation are more powerful than the “classical” neural tests (but less robust due to
the squared speciﬁcation of the lags). In any way, the bootstrap tests perform correctly,
since the true power curves of the bootstrap tests are confused with the true power curves
of the corresponding asymptotic tests. This prooves that the test size is satisfactorily
corrected by the bootstrap techniques (see subsection 4.4) without loss of true power.
Figure 8 presents the curves for the Gaussian IARCH(3) alternative. Even if there is
a unit root in the conditional variance speciﬁcation, the tests performs correctly and the
same remarks than previously hold about the tests, except that they have a much greater
power than in the case of covariance stationary ARCH error terms.
Figure 9 presents the curves for the Gaussian ARCH(1) alternative. The weight of
the heteroskadasticity remains ¯ ® = 0:5 as previously, but this weight is totally localise
on the parameter ®1 rather than being shared amoung ®1–®3. The results are correct.
Figure 10 presents the curves for the Gaussian ARCH(5) alternative. There is a
general loss of power for all the tests since they are speciﬁed for three lags and they are
not able to detect the heteroskedasticity of order 4 and 5.
Figure 11 presents the curves for the Gaussian log-ARCH(3) alternative. The perfor-
mance of the test is quite good.
Figure 12 presents the curves for the Gaussian NARCH(3) alternative. We choose the
nonlinear parameter ± equal to 0:1 (if ± = 1, it corresponds to a linear ARCH model).
Figure 14 presents the curves for the Gaussian max ARCH(3) alternative number 3.3.
Figure 14 presents the curves for the Gaussian TARCH(3) alternative number 4.1. In
the case of this strongly nonlinear speciﬁcation, the classical linear speciﬁcations fail to
detect ARCH eﬀect. The neural speciﬁcation keeps a certain power. Again, the bootstrap
tests keep their true power.
19Table 4: Heteroskedasticity types
Model Name Conditional Variance ht
1.1 ARCH(3) (1 ¡ ¯ ®) + ¯ ®
2"2
t¡1 + ¯ ®
3"2
t¡2 + ¯ ®
6"2
t¡3




2.1 ARCH(1) (1 ¡ ¯ ®) + ¯ ®"2
t¡1
2.2 explosive ARCH(1) 0;2 + 1;4"2
t¡1
2.3 ARCH(5) (1 ¡ ¯ ®) + ¯ ®
3"2
t¡1 + ¯ ®
3:5"2
t¡2 + ¯ ®
5"2
t¡3 + ¯ ®
7:5"2





(1 ¡ ¯ ®) + ¯ ®
2 ln("2
t¡1) + ¯ ®
3 ln("2






(1 ¡ ¯ ®) + ¯ ®
2("2
t¡1)± + ¯ ®
3("2














3.4 ARCH(3) “in log.” ln
h
1 + (1 ¡ ¯ ®) + ¯ ®
2"2
t¡1 + ¯ ®
3"2






(1 ¡ ¯ ®) + ¯ ®
2"2
t¡1 + ¯ ®
3"2




4.1 TARCH(3) (1 ¡ ¯ ®) + ¯ ®
2I("t¡1¸0) + ¯ ®
3I("t¡2¸0) + ¯ ®
6I("t¡3¸0)
4.2 TARCH(3) (1 ¡ ¯ ®) + ¯ ®
2"2
t¡1I("t¡1¸0) + ¯ ®
3"2





> > > <
> > > :
(1 ¡ ¯ ®) + ¯ ®
2"2
t¡1 + ¯ ®
3"2
t¡2 + ¯ ®
6"2




> > > <
> > > :
(1 ¡ ¯ ®) + ¯ ®
2"2
t¡1 + ¯ ®
3"2





5.1 Student ARCH(3) Model 1.1 with Student errors terms
5.2 Student TARCH Model 4.3 with Student errors terms
20Figure 7: “True” power curves of the tests
Case of Gaussian ARCH(3) alternative, with weight 0.5 (T=200)
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bootstrap 2 test
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bootstrap 3 test
Figure ?? presents the curves for the Gaussian TARCH(3) alternative number 4.2. The
classical linear speciﬁcations keep a certain power for detecting ARCH eﬀect. The neural
speciﬁcation is more powerful. Again, the bootstrap tests keep their true power.
Figure 15 presents the curves for the Gaussian TARCH(3) alternative number 4.3. The
classical linear speciﬁcations keep a certain power for detecting ARCH eﬀect. However,
the neural speciﬁcation is much more powerful, and perform very well in this case. About
the bootstrap tests, there is a large loss of true power of the nonparametric bootstrap
method whereas there is absolutely no loss of true power for the Gaussian parametric
bootstrap. This is due to the estimation of the data under the null hypothesis of no
ARCH eﬀect by the bootstrap methods for calculating the statistic distribution under
the null: under the null of data linearity, the nonparametric bootstrap interprets the
strong nonlinearity of the data as strongly nonnormality of the error terms, whereas the
29Figure 15: “True” power curves of the tests
Case of Gaussian TARCH(3) alternative number 4.3 (T=200)
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30mistake made by the parametric bootstrap method is less important, since the error term
distribution is imposed. However, in practice, the question of what is the error term
distribution remains.
Figure 16 presents the curves for the Gaussian TARCH(3) alternative number 4.4.
Again, the neural speciﬁcation is much more powerful than the linear speciﬁcation and
the Kamstra speciﬁcation. And again, the nonparametric bootstrap suﬀers from a loss
of true power, conversely to the parametric bootstrap.
Figure 17 presents the curves for the Student ARCH(3) alternative number 5.1, with
¯ ® = 0:5 and T = 200. The size distorsion is greater than for Gaussian cases, but the
tests keep their true power.
Figure 18 presents the curves for the Student TARCH(3) alternative number 5.2, with
T = 200. The size distorsion is greater than for Gaussian cases, but the tests keep their
true power.
5 Discussion and Conclusion
The curves obtained for the b1 and b2 tests are confused and they are close to those
obtained for b3. In all the Gaussian studied cases, the true power curves of all bootstrap
tests are quite closed to the ones obtained for the asymptotic test, even for some auto-
regression parameters chosen so that bootstrap tests may encounter problems. (For
information, these results are still true down to T = 30.) The bootstrap tests perform a
little bit less well for the student cases.
This paper deals with bootstrapping tests for detecting conditional heteroskedastic-
ity. We apply parametric and nonparametric bootstrap methods to the P´ eguin-Feissolle
[2000] statistic based on artiﬁcial neural network, and to the Lagrange Multiplier statistic
provided by Engle [1982]. However, one observes a clear distortion between the distribu-
tion of the asymptotic P value and the one of the “true” P value. We see that bootstrap
performs well for small sample, and quasi-perfectly for greater sample. Furthermore, a
large variety of conditional heteroskedastic models are chosen to determine whether the
combination of bootstrap tests with the neural procedures performed well.
The results relative to the size of the various tests are presented in the case where
the data are generated from homoskedastic models. The asymptotic approximation gives
bad results in all the cases. We observe a clear distortion between the distribution of
the asymptotic P value and the one of the “true” P value, particularly when the P
values are small, whereas the distribution of bootstrap P value gives a very satisfactory
approximation of it: both the curves are almost confused. We observe that all the
nonparametric bootstrap tests, with or without neural networks, perform well in all
the cases under consideration, even for those which were likely to encounter problems.
Parametric bootstrap works less satisfactorily and seems more unsteady, particularly in
the case where the error terms are non normally distributed, for which we observe an
over ejection. The results given by the variants of Kamstra [1993] test are quite identical
with those found for the Engle test. Moreover, the curves obtained have a similar look
to those obtained with the neural cases
The alternative hypothesis is represented by various conditional heteroskedastic mod-
els chosen to illustrate a variety of situations. With most of the forms of the conditional
variance, good properties for the adjusted size-power curves can be noted. The curves ob-
tained for the b1 and b2 bootstrap tests are confused and they are close to those obtained
31Figure 16: “True” power curves of the tests
Case of Gaussian TARCH(3) alternative number 4.4 (T=200)
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34for b3. In all the studied cases, the true power curves of all bootstrap tests are quite
confused with the ones obtained for the asymptotic test, even for some auto-regression
parameters chosen so that bootstrap tests may encounter problems.
The results depend on many factors (exogenous and endogenous regressors, form of
the conditional mean, form of the conditional variance,...). We can nevertheless conclude
that all the bootstrap tests present some good performances relating to samples sizes and
relating to weights of heteroskedasticities. The distribution of bootstrap P value gives a
very satisfactory approximation of the “true” P value, without loos of power. Therefore,
the use of bootstrap is widely justiﬁed in our case, even for samples sizes which are
non-small up to (T · 300).
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